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Abstract
This paper presents some startpoint (endpoint, fixed point) theo-
rems for mutli-valued maps that generalize recent results proved by Y.
U. Gaba [1, 2].
1 Introduction and prelimaries
Definition 1.1 Let X be a non empty set. A function d : X ×X → [0,∞)
is called a quasi-pseudometric on X if:
i) d(x, x) = 0 ∀ x ∈ X,
ii) d(x, z) ≤ d(x, y) + d(y, z) ∀ x, y, z ∈ X.
Moreover, if d(x, y) = 0 = d(y, x) =⇒ x = y, then d is said to be a T0-quasi-
pseudometric. The latter condition is referred to as the T0-condition.
Remark 1.2
• Let d be a quasi-pseudometric on X, then the map d−1 defined by
d−1(x, y) = d(y, x) whenever x, y ∈ X is also a quasi-pseudometric on
X, called the conjugate of d. In the literature, d−1 is also denoted dt
or d¯.
• It is easy to verify that the function ds defined by ds := d ∨ d−1, i.e.
ds(x, y) = max{d(x, y), d(y, x)} defines a metric on X whenever d is
a T0-quasi-pseudometric.
Let (X, d) be a quasi-pseudometric space.
For x ∈ X and ε > 0,
Cd(x, ε) = {y ∈ X : d(x, y) < ε}
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denotes the open ε-ball at x. The collection of all such balls yields a base
for the topology τ(d) induced by d on X. Hence, for any A ∈ X, we shall
respectively denote by intτ(d)A and clτ(d)A the interior and the closure of
the set A with respect to the topology τ(d).
Similarly, for x ∈ X and ε ≥ 0,
Cd(x, ε) = {y ∈ X : d(x, y) ≤ ε}
denotes the closed ε-ball at x. In the case where (X, d) is a T0 quasi-
pseudometric space, we know that ds defined by ds := d∨d−1, i.e. ds(x, y) =
max{d(x, y), d(y, x)} defines a metric on X. Hence, we shall say that a
subset E ⊂ X is join-closed if it is τ(ds)-closed, i.e. closed with respect to
the topology generated by ds. The topology τ(ds) finer than the topologies
τ(d) and τ(d−1).
Definition 1.3 Let (X, d) be a quasi-pseudometric space. The convergence
of a sequence (xn) to x with respect to τ(d), called d-convergence or left-
convergence and denoted by xn
d
−→ x, is defined in the following way
xn
d
−→ x⇐⇒ d(x, xn) −→ 0. (1)
Similarly, the convergence of a sequence (xn) to x with respect to τ(d
−1),
called d−1-convergence or right-convergence and denoted by xn
d−1
−→ x,
is defined in the following way
xn
d−1
−→ x⇐⇒ d(xn, x) −→ 0. (2)
Finally, in a quasi-pseudometric space (X, d), we shall say that a sequence
(xn) d
s-converges to x if it is both left and right convergent to x, and we
denote it as xn
ds
−→ x or xn −→ x when there is no confusion. Hence
xn
ds
−→ x ⇐⇒ xn
d
−→ x and xn
d−1
−→ x.
Definition 1.4 A sequence (xn) in a quasi-pseudometric (X, d) is called
(a) left d-Cauchy with respect to d if for every ǫ > 0, there exist x ∈ X
and n0 ∈ N such that
∀ n ≥ n0 d(x, xn) < ǫ;
(b) left K-Cauchy with respect to d if for every ǫ > 0, there exists n0 ∈ N
such that
∀ n, k : n0 ≤ k ≤ n d(xk, xn) < ǫ;
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(c) ds-Cauchy if for every ǫ > 0, there exists n0 ∈ N such that
∀n, k ≥ n0 d(xn, xk) < ǫ.
Dually, we define in the same way, right d-Cauchy and right K-Cauchy
sequences.
Remark 1.5
• ds-Cauchy =⇒ left K-Cauchy =⇒ left d-Cauchy.The same implica-
tions hold for the corresponding right notions. None of the above im-
plications is reversible.
• A sequence is left K-Cauchy with respect to d if and only if it is right
K-Cauchy with respect to d−1.
• A sequence is ds-Cauchy if and only if it is both left and right K-
Cauchy.
Definition 1.6 A quasi-pseudometric space (X, d) is called
• left-K-complete provided that any left K-Cauchy sequence is d-convergent,
• left Smyth sequentially complete if any left K-Cauchy sequence
is ds-convergent.
The dual of notions of right-completeness are easily derived from the
above.
Definition 1.7 A T0-quasi-pseudometric space (X, d) is called bicomplete
provided that the metric ds on X is complete.
As usual, a subset A of a quasi-pseudometric space (X, d) will be called
bounded provided that there exists a positive real constant M such that
d(x, y) < M whenever x, y ∈ A. Note that a subset A of (X, d) is bounded
if and only if there are x ∈ X and r, s ≥ 0 such that A ⊂ Cd(x, r)∩Cd−1(x, s).
We set P0(X) := 2
X \{∅} where 2X denotes the power set of X. For x ∈ X
and A,B ∈ P0(X), we set:
d(x,A) = inf{d(x, a), a ∈ A} and d(A, x) = inf{d(a, x), a ∈ A},
and define H(A,B) by
H(A,B) = max
{
sup
a∈A
d(a,B), sup
b∈B
d(A, b)
}
.
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Then H is an extended quasi-pseudometric on P0(X). Moreover, we know
from [3] that, the restriction of H to Scl(X) = {A ⊆ X : A = clτ(d)A ∩
clτ(d−1)A} is an extended T0-quasi- pseudometric. We shall denote by CB(X)
the collection of all nonempty bounded and τ(d)-closed subsets of X.
We complete this section by the following lemma.
Lemma 1.8 ([1]) Let (X, d) be a quasi-pseudometric space. For every fixed
x ∈ X, the mapping y 7→ d(x, y) is τ(d)-usc and τ(d−1)-lsc. For every fixed
y ∈ X, the mapping x 7→ d(x, y) is τ(d)-lsc and τ(d−1)-usc.
For the convenience of the reader, we recall the following.
Definition 1.9 ([1]) Let F : X → 2X be a set-valued map. An element
x ∈ X is said to be
(i) a fixed point of F if x ∈ Fx,
(ii) a startpoint of F if H({x}, Fx) = 0,
(iii) an endpoint of F if H(Fx, {x}) = 0.
We also give here the first result of the theory as they appear in the original
paper [1].
Theorem 1.10 (Gaba [1]) Let (X, d) be a left K-complete quasi-pseudometric
space. Let F : X → CB(X) be a set-valued map and f : X → R as
f(x) = H({x}, Fx). If there exists c ∈ (0, 1) such that for all x ∈ X there
exists y ∈ Fx satisfying
H({y}, Fy) ≤ c(d(x, y)), (3)
then T has a startpoint.
Motivated by this result, Gaba proved the following theorems in [2]
Theorem 1.11 (Gaba [2]) Let (X, d) be a left K-complete quasi-pseudometric
space. Let T : X → CB(X) be a set-valued map and define f : X →
R as f(x) = H({x}, Tx). Let Φ : [0,∞) → [0, 1) a function such that
lim sup
r→t+
Φ(r) < 1 for each t ∈ [0,∞). Moreover, assume that for any x ∈ X
there exists y ∈ Tx satisfying
H({y}, T y) ≤ Φ(H({x}, {y}))H({x}, {y}), (4)
then T has a startpoint.
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Theorem 1.12 (Gaba [2]) Let (X, d) be a left K-complete quasi-pseudometric
space. Let T : X → CB(X) be a set-valued map and define f : X → R as
f(x) = H({x}, Tx). Let b : [0,∞) → [a, 1), a > 0 be a non-decreasing func-
tion. Let Φ : [0,∞) → [0, 1) be a function such that Φ(t) < b(t) for each
t ∈ [0,∞) and lim sup
r→t+
Φ(r) < lim sup
r→t+
b(r) for each t ∈ [0,∞). Moreover,
assume that for any x ∈ X there exists y ∈ Tx satisfying
H({y}, T y) ≤ Φ(H({x}, {y}))H({x}, {y}), (5)
then T has a startpoint.
We shall denote by B(X) the collection of all nonempty bounded subsets of
X.
2 Main results
We can state our first result.
Theorem 2.1 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0, 1), η :
[0,∞)→ [b, 1), 0 < b < 1 such that
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
f(y) ≤ ϕ(f(x))H({x}, {y}), (6)
then T has a startpoint.
Proof. 2.2 Observe that for any x ∈ X and y ∈ Tx, we have
η(f(x))H({x}, {y}) ≤ f(x). (7)
The proof follows similar patterns as in Theorem 1.12. Let x0 ∈ X, there
exists x1 ∈ Tx0 ⊆ X such that
η(f(x0))H({x0}, {x1}) ≤ f(x0) and f(x1) ≤ ϕ(f(x0))H({x0}, {x1}).
Then
f(x1) ≤
ϕ(f(x0))
η(f(x0))
η(f(x0))H({x0}, {x1}) ≤
ϕ(f(x0))
η(f(x0))
f(x0).
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In this manner we can build the sequence (xn) ⊆ X such that for n ∈ N,
xn+1 ∈ Txn ⊆ X, with
η(f(xn))H({xn}, {xn+1}) ≤ f(xn). (8)
and
f(xn+1) ≤
ϕ(f(xn))
η(f(xn))
f(xn). (9)
From (9), it follows that (f(xn)) is a decreasing sequence of positive real
numbers, so there exists δ ≥ 0 such that f(xn) → δ. If we let β =
lim sup
n→∞
ϕ(f(xn))
η(f(xn))
< 1, then for q = β+12 < 1, there is n0 ∈ N such that
ϕ(f(xn))
η(f(xn))
< q for all n ≥ n0.
Thus
f(xn+1) ≤ q
n−n0+1f(xn), for all n ≥ n0, (10)
and so
H({xn}, {xn+1}) ≤
1
η(f(xn))
f(xn) ≤
1
b
qn−n0f(xn0) for all n ≥ n0.
Hence (xn) is a left K-Cauchy sequence. According to the leftK-completeness
of (X, d), there exists x∗ ∈ X such that xn
d
−→ x∗.
Observe that letting n → ∞ in (10), we get that the sequence (fxn) =
(H({xn}, Txn)) converges to 0. Since f is τ(d)-lower semicontinuous (as
supremum of τ(d)-lower semicontinuous functions), we have
0 ≤ f(x∗) ≤ lim inf
n→∞
f(xn) = 0.
Hence f(x∗) = 0, i.e. H({x∗}, Tx∗) = 0.
This completes the proof.
Next we give an example of mapping which satisfies the hypotheses of The-
orem 2.1 but does not fulfil the conditions of Theorem 1.11. This example
actually motivates our extension.
Example 2.3 Let X = [0, 10] and d : X×X → R be the mapping defined by
d(a, b) = max{a−b, 0}. Then d is a T0-quasi-pseudometric on X. Moreover,
since any sequence in (X, d) d-converges to 0, (X, d) is left K-complete. Let
T : X → B(X) be such that
T (x) =
{
{4, 5} , if x = 6,{
x
2
}
, if x ∈ [0, 10] \ {6}.
An explicit computation of f(x) = H({x}, Tx) gives
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f(x) =
{
2, if x = 6,
x
2 , if x ∈ [0, 10] \ {6}.
In view of Theorem (1.11), we set Φ(x) = 12 for every x ≥ 0. So, for x = 6,
T6 = {4, 5} and f(6) = 2.
If y = 4 we have Φ(H({x}, {y})) = Φ(d(6, 4)) = Φ(2) = 12 and
H({y}, T y) = d(4, 2) = 2 > Φ(H({x}, {y}))H({x}, {y}) = 1.
If y = 5 we have Φ(H({x}, {y})) = Φ(d(6, 5)) = Φ(1) = 12 and
H({y}, T y) = d
(
5,
5
2
)
=
5
2
> Φ(H({x}, {y}))H({x}, {y}) =
1
2
.
Hence the Theorem (1.11) cannot be applied for T .
However, it is a simple exercise to show that for ϕ(x) = 12 and η(x) =
2
3
for every x ≥ 0, the mapping T satisfies the hypotheses of Theorem (2.1).
Hence T has a starpoint which is 0.
We have the logical corollaries.
Corollary 2.4 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0, 1), η :
[0,∞)→ [b, 1), 0 < b < 1 such that
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
f(y) ≤ ϕ(f(x))H({y}, {x}), (11)
then T has an endpoint.
Corollary 2.5 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0, 1), η :
[0,∞)→ [b, 1), 0 < b < 1 such that
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
f(y) ≤ min{ϕ(H({x}, Tx))H({x}, {y}), ϕ(H(Tx, {x}))H({y}, {x})}, (12)
then T has a fixed point.
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Proof. 2.6 We give here the main idea of the proof. Observe that the in-
equality (12) guarantees that the sequence (xn) constructed in the proof of
Theorem 2.1 is a ds-Cauchy sequence and hence ds-converges to some x∗.
Using the fact that f is τ(ds)-lower semicontinuous (as supremum of τ(ds)-
continuous functions), we have
0 ≤ f(x∗) ≤ lim inf
n→∞
f(xn) = 0.
Hence f(x∗) = 0, i.e. H({x∗}, Tx∗) = 0 = H(Tx∗, {x∗}), and we are done.
The Theorem 1.12 imposes a monotonicity condition on the bounding func-
tion b. We rewrite the original assumptions to obtain the following result.
Theorem 2.7 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0, 1), η :
[0,∞)→ [b, 1], 0 < b < 1 such that
ϕ(t) < η(t) for each t ∈ [0,∞), (13)
lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞). (14)
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
f(y) ≤ ϕ(H({x}, {y}))H({x}, {y}), (15)
then T has a startpoint.
Proof. 2.8 Observe that for any x ∈ X and y ∈ Tx, we have
η(H({x}, {y}))H({x}, {y}) ≤ f(x). (16)
As in the proof of Theorem 2.1, we can build a sequence (xn) ⊆ X uch that
for n ∈ N, xn+1 ∈ Txn ⊆ X, with
η(H({xn}, {xn+1}))H({xn}, {xn+1}) ≤ f(xn), (17)
and
f(xn+1) ≤
ϕ(H({xn}, {xn+1}))
η(H({xn}, {xn+1}))
f(xn). (18)
Set Φ(t) = ϕ
η
(t) and since Φ(H({x}, {y})) < 1 for any x, y ∈ X, it follows
that 2− Φ(H({x}, {y})) > 1 for any x, y ∈ X. Hence
H({x}, {y}) ≤ [2− Φ(H({x}, {y}))]H({x}, Tx), (19)
for any x ∈ X and y ∈ Tx.
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This entails that for the sequence (xn), we have
H({xn}, {xn+1}) ≤ [2− Φ(H({xn}, {xn+1}))]H({xn}, Txn), (20)
and
H({xn+1}, Txn+1) ≤ Ψ(H({xn}, {xn+1}))H({xn}, Txn), n = 1, 2, · · · (21)
where Ψ : [0,∞)→ [0, 1) is defined by
Ψ(t) = Φ(t)(2− Φ(t)).
For simplicity, denote dn := H({xn}, {xn+1}) and Dn := H({xn}, Txn) for
all n ≥ 0. So from (21) we can write
Dn+1 ≤ Ψ(dn)Dn ≤ Dn (22)
for all n ≥ 0. Hence (Dn) is a strictly decreasing sequence, hence there
exists δ ≥ 0 such that
lim
n→∞
Dn = δ. (23)
From (20), it is easy to see that
dn < 2Dn. (24)
Thus the sequence (dn) is bounded and so there is d ≥ 0 such that lim sup
n→∞
dn =
d, and hence a subsequence (dnk) of (dn) such that lim
k→∞
dnk = d
+. From (21)
we have Dnk+1 ≤ Ψ(dnk)Dnk and thus
δ = lim sup
k→∞
Dnk+1 ≤ (lim sup
k→∞
Ψ(dnk))(lim sup
k→∞
Dnk)
≤ lim sup
dn
k
→d+
Ψ(dnk)δ.
This together with the fact lim sup
r→t+
Φ(r) < 1 for each t ∈ [0,∞) imply that
δ = 0. Then from (23) and (24) we derive that lim
n→∞
dn = 0.
Claim 1 (xn) is a left K-Cauchy sequence.
Now let α := lim sup
dn→0+
Ψ(dn) and q such that α < q < 1. This choice of q
is always possible since α < 1. Then there is n0 such that Ψ(dn) < q for
all n ≥ n0. So from (22) we have Dn+1 ≤ qDn for all n ≥ n0. Then by
induction we get Dn ≤ q
n−n0Dn0 for all n ≥ n0 + 1. Combining this and
the inequality (24) we get
m∑
k=n0
d(xk, xk+1) ≤ 2
m∑
k=n0
qk−n0Dn0 ≤ 2
1
1− q
Dn0
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for all m > n ≥ n0 + 1. Hence (xn) is a left K-Cauchy sequence.
According to the left K-completeness of (X, d), there exists x∗ ∈ X such that
xn
d
−→ x∗.
Claim 2 x∗ is a startpoint of T .
Observe that the sequence Dn = (fxn) = (H({xn}, Txn)) converges to 0.
Since f is τ(d)-lower semicontinuous (as supremum of τ(d)-lower semicon-
tinuous functions), we have
0 ≤ f(x∗) ≤ lim inf
n→∞
f(xn) = 0.
Hence f(x∗) = 0, i.e. H({x∗}, Tx∗) = 0.
This completes the proof.
Corollary 2.9 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0, 1), η :
[0,∞)→ [b, 1], 0 < b < 1 such that
ϕ(t) < η(t) for each t ∈ [0,∞), (25)
lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞). (26)
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
f(y) ≤ ϕ(H({y}, {x}))H(, {y}, {x}), (27)
then T has an endpoint.
Corollary 2.10 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0, 1), η :
[0,∞)→ [b, 1], 0 < b < 1 such that
ϕ(t) < η(t) for each t ∈ [0,∞), (28)
lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞). (29)
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
f(y) ≤ min{ϕ(a)a, ϕ(b)b}, (30)
where a = H({y}, {x}) and b = H({y}, {x}). Then T has a fixed point.
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Another approach worth investigating would be to try to generalize even
further conditions (6) and (15). In this direction, we state the new results.
Theorem 2.11 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that
ϕ is non-decreasing and ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({x}, {y})) ≤ f(x), (31)
and
f(y) ≤ ϕ(f(x)). (32)
Then T has a startpoint.
Proof. 2.12 Let x0 ∈ X. We can choose x1 ∈ Tx0 such that
η(H({x0}, {x1})) ≤ f(x0) and f(x1) ≤ ϕ(f(x0)).
In this way, we build the sequence (xn) ⊆ X such that for n ∈ N, xn+1 ∈
Txn, with
η(H({xn}, {xn+1})) ≤ f(xn) (33)
and
f(xn+1) ≤ ϕ(f(xn)). (34)
Since
ϕ(H({xn+1}, {xn+2})) < η(H({xn+1}, {xn+2}))
≤ f(xn+1) ≤ ϕ(f(xn))
≤ ϕ(H({xn}, {xn+1})),
it follows that ϕ(H({xn+1}, {xn+2})) < ϕ(H({xn}, {xn+1})). Because ϕ is
non-decreasing, the sequence (H({xn}, {xn+1})) is decreasing. Because the
sequence (H({xn}, {xn+1})) is bounded from below, it converges. Using (33)
and (34) we have that
f(xn+1) ≤
ϕ(H({xn}, {xn+1}))
η(H({xn}, {xn+1}))
f(xn).
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Due to
lim sup
r→t+
ϕ(r)
η(r)
< 1,
there exist q ∈ (0, 1) and n0 ∈ N
ϕ(H({xn}, {xn+1}))
η(H({xn}, {xn+1}))
< q for all n ≥ n0.
Thus
f(xn+1) ≤ q
n−n0+1f(xn0) for all n ≥ n0.
For n ≥ n0 + 1,
ϕ(H({xn}, {xn+1})) < η(H({xn}, {xn+1}))
≤ f(xn) ≤ ϕ(f(xn−1))
≤ ϕ(qn−n0−1f(xn0)).
Because ϕ is non-decreasing, H({xn}, {xn+1}) ≤ q
n−n0−1f(xn0). It is there-
fore easy to see that (xn) is a left K-Cauchy sequence and its limit is a
startpoint for T .
Corollary 2.13 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that
ϕ is non-decreasing and ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({y}, {x})) ≤ f(x), (35)
and
f(y) ≤ ϕ(f(x)). (36)
Then T has an endpoint.
Corollary 2.14 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that
ϕ is non-decreasing and ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
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Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(Hs({x}, {y})) ≤ min{H({x}, Tx),H(Tx, {x})}, (37)
and
f(y) ≤ min{ϕ(H({x}, Tx)), ϕ(H(Tx, {x}))}. (38)
Then T has a fixed point.
Theorem 2.15 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that
η is non-decreasing and ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({x}, {y})) ≤ f(x), (39)
and
f(y) ≤ ϕ(f(x)). (40)
Then T has a startpoint.
Proof. 2.16 We build the sequence (xn) ⊆ X as in the proof of Theorem
2.11. Since η is non-decreasing we obtain we obtain that for n ∈ N,
f(xn+1) ≤
ϕ(f(xn))
η(f(xn))
f(xn).
Hence (f(xn)) is decreasing. Because the sequence (f(xn)) is bounded from
below, it converges. Again there exist q ∈ (0, 1) and n0 ∈ N such that
f(xn+1) ≤ q
n−n0+1f(xn0) for all n ≥ n0.
For n ≥ n0 + 1,
η(H({xn}, {xn+1})) ≤ f(xn) ≤ ϕ(f(xn−1))
≤ η(f(xn−1))
≤ η(qn−n0−1f(xn0)).
But η is non-decreasing, so H({xn}, {xn+1}) ≤ q
n−n0−1f(xn0). As above we
can show that (xn) is a left K-Cauchy sequence and its limit is a startpoint
for T .
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Corollary 2.17 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that
η is non-decreasing and ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({y}, {x})) ≤ f(x), (41)
and
f(y) ≤ ϕ(f(x)). (42)
Then T has an endpoint.
Corollary 2.18 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that
η is non-decreasing and ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(Hs({x}, {y})) ≤ min{H({x}, Tx),H(Tx, {x})}, (43)
and
f(y) ≤ min{ϕ(H(Tx, {x})), ϕ(H({x}, Tx))}. (44)
Then T has a fixed point.
In the sequel, we prove two related theorems.
Theorem 2.19 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that ϕ is continuous, non-decreasing,
ϕ(t) < η(t) ≤ t, lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({x}, {y})) ≤ f(x), (45)
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and
f(y) ≤ ϕ(f(x)). (46)
Then T has a startpoint.
Proof. 2.20 Again we build the sequence (xn) with xn+1 ∈ Txn such that
(33) and (34) hold. Without loss of generality, we can always assume that
H({xn}, {xn+1}) > 0 and f(xn) > 0 for n ∈ N, (because otherwise, the proof
is already complete).
Now, let t > 0, since 0 ≤ ϕ(t) < t, the sequence (ϕn(t)) is decreasing and
bounded from below by 0. Suppose its limit is ζ > 0, then
ζ = lim
n→∞
ϕn(t) = ϕ
(
lim
n→∞
ϕn−1(t)
)
= ϕ(ζ) < ζ,
which is a contradiction. Therefore lim
n→∞
ϕn(t) = 0 for each t ∈ [0,∞).
From (34), we have that
f(xn+1) ≤ ϕ(f(xn)) ≤ · · · ≤ ϕ
n+1(f(x0)),
and lim
n→∞
f(xn) = 0.
Since ϕ is non-decreasing
ϕ(H({xn+1}, {xn+2})) < η(H({xn+1}, {xn+2}))
≤ f(xn+1) ≤ ϕ(f(xn))
≤ ϕ(H({xn}, {xn+1})),
the sequence (H({xn+1}, {xn+2})) is decreasing. If lim
n→∞
H({xn}, {xn+1}) =
ξ > 0, we have, by letting n → ∞ in ϕ(H({xn}, {xn+1})) < f(xn) that
ϕ(ξ) = 0. On the other hand, since lim
n→∞
f(xn) = 0, there exists n1 ∈ N
such that f(xn1) < ξ and hence ϕ(f(xn1)) = 0. This means that f(xn1+1) =
0. In this way we obtain a startpoint. Therefore, we may consider that
lim
n→∞
H({xn}, {xn+1}) = 0. Continuing as in the proof of Theorem (2.11)
one can show that T is not startpoint free.
Corollary 2.21 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that ϕ is continuous, non-decreasing,
ϕ(t) < η(t) ≤ t, lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({y}, {x})) ≤ f(x), (47)
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and
f(y) ≤ ϕ(f(x)). (48)
Then T has an endpoint.
Corollary 2.22 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that ϕ is continuous, non-decreasing,
ϕ(t) < η(t) ≤ t, lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
min{η(H({y}, {x})), η(H({x}, {y}))} ≤ min{H({x}, Tx),H(Tx, {x})},
(49)
and
f(y) ≤ min{ϕ(H({x}, Tx)), ϕ(H(Tx, {x}))}. (50)
Then T has a fixed point.
Using a similar argument as above we can prove the following result.
Theorem 2.23 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that η is continuous, non-decreasing,
ϕ(t) < η(t) < t, lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({x}, {y})) ≤ f(x), (51)
and
f(y) ≤ ϕ(f(x)). (52)
Then T has a startpoint.
Proof. 2.24 We give a sketch of the proof. We use the fact that lim
n→∞
ηn(t) =
0 for each t ∈ [0,∞) and
f(xn+1) ≤ ϕ(f(xn)) < η(f(xn)) ≤ η(ϕ(f(xn−1)))
≤ η2(f(xn−1)) ≤ · · · ≤ η
n+1(f(x0)),
to conclude that lim
n→∞
f(xn) = 0. As in Theorem (2.15), we can prove that
T has a startpoint.
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Corollary 2.25 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that η is continuous, non-decreasing,
ϕ(t) < η(t) < t, lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({y}, {x})) ≤ f(x), (53)
and
f(y) ≤ ϕ(f(x)). (54)
Then T has an endpoint.
Corollary 2.26 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that η is continuous, non-decreasing,
ϕ(t) < η(t) < t, lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(Hs({x}, {y})) ≤ min{H({x}, Tx),H(Tx, {x})}, (55)
and
f(y) ≤ min{ϕ(H(Tx, {x})), ϕ(H({x}, Tx))}. (56)
Then T has a fixed point.
In the above results it would be interesting to replace the condition (40)
by f(y) ≤ ϕ(H({x}, {y})). Pursuing this idea we derive the following two
theorems.
Theorem 2.27 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that ϕ is non-decreasing and subadditive
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({x}, {y})) ≤ f(x), (57)
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and
f(y) ≤ ϕ(H({x}, {y})). (58)
Then T has a startpoint.
Proof. 2.28 Similarly as before, we can build the sequence (xn) with xn+1 ∈
Txn,
η(H({xn}, {xn+1})) ≤ f(xn) and f(xn+1) ≤ ϕ(H({xn}, {xn+1})).
The sequence (H({xn+1}, {xn+2})) is decreasing since ϕ is non-decreasing
and
ϕ(H({xn+1}, {xn+2})) < η(H({xn+1}, {xn+2})) ≤ f(xn+1) ≤ ϕ(H({xn}, {xn+1})).
Thus it is convergent. Then there exist q ∈ (0, 1) and n0 ∈ N such that
f(xn+1) ≤ q
n−n0+1f(xn0) for all n ≥ n0.
For n ≥ n0
ϕ(H({xn}, {xn+1})) < η(H({xn}, {xn+1})) ≤ f(xn) ≤ q
n−n0f(xn0).
For n ≥ n0 and p ∈ N
ϕ(H({xn}, {xn+p})) ≤ ϕ
(
p−1∑
k=0
H({xn+k}, {xn+k+1})
)
≤
p−1∑
k=0
ϕ(H({xn+k}, {xn+k+1}))
≤
p−1∑
k=0
qn−n0+kf(xn0) ≤
qn−n0
1− q
f(xn0).
Since we may assume that ϕ(t) > 0 for t > 0 (otherwise ϕ(t) = 0) for
every t ≥ 0 and the existence of a startpoint is immediate) we can prove buy
contradiction that (xn) is left K-Cauchy sequence and its limit is a startpoint
for T .
Corollary 2.29 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that ϕ is non-decreasing and subadditive
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({y}, {x})) ≤ f(x), (59)
and
f(y) ≤ ϕ(H({y}, {x})). (60)
Then T has an endpoint.
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Corollary 2.30 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that ϕ is non-decreasing and subadditive
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(Hs({x}, {y})) ≤ min{H({x}, Tx),H(Tx, {x})}, (61)
and
f(y) ≤ min{ϕ(H({x}, {y})), ϕ(H({y}, {x}))}. (62)
Then T has a fixed point.
In the same manner we can prove that
Theorem 2.31 Let (X, d) be a left K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that η is non-decreasing and subadditive
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({x}, {y})) ≤ f(x), (63)
and
f(y) ≤ ϕ(H({x}, {y})). (64)
Then T has a startpoint.
Corollary 2.32 Let (X, d) be a right K-complete quasi-pseudometric space.
Let T : X → B(X) be a set-valued map and define f : X → R as f(x) =
H(Tx, {x}). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that η is non-decreasing and subadditive
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(H({y}, {x})) ≤ f(x), (65)
and
f(y) ≤ ϕ(H({y}, {x}). (66)
Then T has an endpoint.
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Corollary 2.33 Let (X, d) be a bicomplete quasi-pseudometric space. Let
T : X → B(X) be a set-valued map and define f : X → R as f(x) =
Hs({x}, Tx). Suppose that there exist functions ϕ : [0,∞) → [0,∞), η :
[0,∞)→ [0,∞) such that η is non-decreasing and subadditive
ϕ(t) < η(t), lim sup
r→t+
ϕ(r)
η(r)
< 1 for each t ∈ [0,∞).
Moreover, assume that for any x ∈ X there exists y ∈ Tx satisfying
η(Hs({x}, {y})) ≤ min{H({x}, Tx),H(Tx, {x})}, (67)
and
f(y) ≤ min{ϕ(H({x}, {y})), ϕ(H({y}, {x}))}. (68)
Then T has a fixed point.
Remark 2.34 All the results given remain true when we replace accordingly
the bicomplete quasi-pseudometric space (X, d) by a left Smyth sequentially
complete/left K-complete or a right Smyth sequentially complete/right K-
complete space.
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